THE KING’S ScHoOOL

Mathematics

General Instructions

Reading time - 5 minutes

Working time - 3 hours

Write using black or blue pen
Board-approved calculators may be used

A table of standard integrals is provided at the
back of this paper

All necessary working should be shown in
every question
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Total marks - 120
Attempt Questions 1-10
All questions are of equal value

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (12 marks) Use a SEPARATE writing booklet. Marks
(a) Find the value of 12e to 2 decimal places. 2
(b) Solve 7 - 8x < -9 2
(c) Simplify 1 +X* x4 2

1+ x

(d) Find the perpendicular distance from the point (% 1) to the line

6x + 8y + 1 =0 2
© fig =122
10
Find f* (60) 2
(f)  Show on a number line the solutions of the inequality x(2 - x) > 0 2

End of Question 1
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Question 2 (12 marks) Use a SEPARATE writing booklet. Marks

(a) A
8 cm 5cm
B
C
(i) Find the exact area of AABC 2
(ii) Find the length of side BC 2
(b) Differentiate
i @+ 2° 1
(ii) xInx 2

(c) Thecurve y = f(x) passes through the point P(1, 3) where f' (x) = 1 + 2x - 3x°

(i) Show that P(1, 3) is a stationary point. 1

(ii) Determine the precise type of stationary point at P(1, 3). 2

(iii) Find f{x) 2
End of Question 2
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Question 3 (12 marks) Use a SEPARATE writing booklet. Marks

(a) y
B(8,7)
Q
M
/ Not to scale
A(-4,1)
0 P X

A(-4, 1) and B(8, 7) are two points in the number plane.
M is the midpoint of AB and the perpendicular bisector of AB meets the x axis at P
and the y axis at Q.

(i) Find the coordinates of M. 1

(ii) Show that the equation of the perpendicular bisector of AB,

i.e. line QMP,is 2x + y = 8 2
(iii) Hence find the coordinates of the points P and Q. 1
(iv) Show that the quadrilateral APBQ is a rhombus. 2
(v) Hence, or otherwise, find the area of the rhombus. 2

Question 3 continues on the next page
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Question 3 (continued) Marks

(b)

A ABC isisosceles where AB = AC

P is the point on BC where AB = PB and AP = PC

Let LZACP= «a
(i) Provethat ZAPB = 2a 2
(i) Find the value of oo [ YOU DO NOT NEED TO GIVE REASONS IN PART (ii) ] 2

End of Question 3
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Question 4 (12 marks) Use a SEPARATE writing booklet. Marks
12x°
(a) Find a primitive function of X 2
x +1
(b) Use Simpson's Rule with 3 function values to find an approximate value of the
2
integral J N3+ 1 dx 3
0
(c) (i) Statethe vertex of the parabola (x - 1)2 = -8(y + 2) 1
(ii) Find the equation of the directrix of this parabola. 2
(d) X' - 4x + 2 = 0 has the roots o, B
(i) Write down the valuesof o + B and of 2
(ii) Hence find a quadratic equation with the roots 3o, 383 2

End of Question 4
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Question 5 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Consider the series 30+ 21 + ...

(i) Ifthe series is arithmetic, find the sum of the first 14 terms. 2

(ii) Ifthe series is geometric, find the limiting sum. 2

(b) Let f{x) = 4cos 2x

(i) State the period of the function. 1

(ii) Sketch the graph of the functionfor 0 < x < = 2

(iii) Find the area of the region in the first quadrant bounded by the curve and

the coordinate axes. 3

(c) (@) Sketchthegraphof y = |x - 2| 1
4

(ii) Hence, or otherwise, evaluate J |x - 2|dx 1
0

End of Question 5
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Question 6 (12 marks) Use a SEPARATE writing booklet.

Marks

(a) A particle moves on the x axis according to the displacement equation of motion

(b)

16

x=1+ -
t+1

, t=20

t istime in seconds and x is measured in metres.

(i) Find the initial displacement.

(ii) Find the times when the particle stops.

(iii) Find the distance travelled by the particle during the first 7 seconds.
(iv) Find the maximum acceleration.

The population P of a town is increasing exponentially so that

=— = kP , k apositive constant, t time in years

kP, where A isa constant.

(i) Showthat P = A" is a solution of ? -

(ii) Initially the population was 4 000 and 12 years later it was 5 400.
Find the value of k correct to 2 significant figures.
(iii) What was the initial rate of increase of the population in people/year?

End of Question 6
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Question 7 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Joniborrows $P for an overseas holiday. This loan plus interest is to be repaid
in equal monthly instalments of $232 for 5 years.

Interest of 6% p.a. is charged monthly on the balance owing at the start of each
month.

Let $4, be the amount owing at the end of n months.

(i) Show that 4, = P(1.005) - 232 1

(i) Show that 4, = P(1.005)° - 232(1 + 1.005) 1

(iii) Write down a similar expression for A, and deduce that

A, = P(1.005)" - 46 400(1.005" - 1) 2
(iv) Find, in whole dollars, the amount that Joni borrowed. 2
(v) How much will Joni owe after 1 year of monthly instalment payments? 1

Question 7 continues on the next page
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Question 7 (continued) Marks

(b)

Not to scale

In the diagram, AP =4,PB=8,QC=2and £ZABC= ZAQP

Let AQ = x
(i) Provethat AABCissimilarto A APQ. 2
(i) Find x. 3

End of Question 7
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Question 8 (12 marks) Use a SEPARATE writing booklet. Marks

(a) y
1
Q P(x, 1- xz)
) ]
-1 R S 1 x
The sketch shows the parabolicarc y = 1 —xz, -1<x<1

Let P(x, 1- xz) be a point on this arc where x > 0

The rectangle PQRS is constructed as shown in the diagram.

(i) Show that the area A of the rectangle is givenby A = 2x - 2% 1

(ii) Find the exact value of x in simplest form if PQRS is a square. 2

(iii) Prove that the maximum area of the rectangle is

(iv) Hence, or otherwise, find the minimum area enclosed between the
parabolic arc and the rectangle. 1

Question 8 continues on the next page
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Question 8 (continued) Marks

(b)

, x> -1

The shaded region bounded by the hyperbola y = 1 T and the y axis
X

between y = 1 and y = 2 isrevolved about the y axis.
Find the volume of the solid of revolution. 4

End of Question 8
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Question 9 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Find the values for k for which the equation x + 1 _ 2k has no real solutions forx. 3
X

(b)
y

R (0, 8)

®C0, b)

Q(-4 0) P (4, 0) X

The sketch shows the circle with centre C (0, b) passing through the points
P(4, 0), Q(-4, 0) and R(0, 8).

(i) Find the radius of the circle. 2

(ii) Hence, or otherwise, find the length of the minor arc PQ. Give your answer
to 1 decimal place. 2

Question 9 continues on the next page
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Question 9 (continued) Marks

(c) Atank contains 2009 L of water. It is leaking so that after t hours the volume V
litres of water is decreasing at a rate of RL/h where R = 2t - 90.

The rate formula for R applies until the tank is empty.

(i) Find the rate at which the volume is decreasing after 20 hours. 1

(ii) Find the volume of water in the tank after 20 hours. 2

(iii) When is the tank empty? 2
End of Question 9
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Question 10 (12 marks) Use a SEPARATE writing booklet. Marks

(a) Sketch y = secx, —% <X < %,showing any intercepts made with the
coordinate axes. 1
b) Sketch y = tanx, -Z < x < Z  and hence, or otherwise, evaluate
J 2 2
n
4
tan x dx 2
_n
4

(©) Let Ix) = (1 + tanx)’, —% < X <%
(i) Solve flx) =0 1
(ii) Find any stationary pointson y = f{x) and determine their nature. 3
(iii) Sketch the graph of y = f(x) 2
(iv) Find the area bounded by the curve and the x axis from x = —% to x = % 3

End of Examination
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Standard Integrals

n 1 n+1

= X 5, n=z -1, x= 0, ifn<0
X dx ]
o
(1
= dx = Inx, x>0
J X
a
j eaxdx = lex, a=20
a
ad 1 .
cos ax dx - =sinax, a # 0
J
ad 1 0
; _ —=COoS ax, a #
sin ax dx = a
J
2 _ ltanax az 0
fsec ax dx = a
lsecax a0
sec ax tan ax dx = a '

J 1 dx _ ltan'lﬁ, a# 0

2 2 - a a

a + Xx

j 1 _ sintX as>0-a<x<a
2 2 = a
a~ - x
1 2
- de = Inlx + /x" -=a" ), x>a>0
X" - a

In(x+~]x2 + azj

—
N
H
N
o
=
I

Note: Inx = log.x, x > 0
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